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Abstract

Recent forward error correction (FEC) codes based on low-density parity-check (LDPC) codes
have shown capacity-achieving performance in practice. To support various modulation formats
in conjunction with LDPC codes, bit-interleaved coded modulation (BICM) has been widely
used. To achieve better performance, BICM iterative demodulation (BICM-ID), multi-layer cod-
ing (MLC), and nonbinary-interleaved coded modulation (NBICM) have been studied for high-
order modulation and high-dimensional modulation (HDM). In particular, HDM has received
much interest because of its high sensitivity. In this paper, we propose a new 16-dimensional
(16D) modulation based on the Nordstrom-Robinson (NR) nonlinear code. The NR code is an
optimal binary code, whose minimum Hamming distance is 6, whereas the best-known linear
code (BKLC) has a minimum distance of 5. We optimize LDPC codes for BICM-ID with vari-
ous HDM formats, and show the benefit of the NR-coded 16D modulation.
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Abstract: We propose a new high-dimensional modulation (HDM) format, based on the
Nordstrom-Robinson code, which is the best-known nonlinear block code in 16 dimensions.
With EXIT chart, we optimize LDPC codes for various HDM formats, and show their benefits.
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1. Introduction

Recent forward error correction (FEC) codes based on low-density parity-check (LDPC) codes [1–6] have shown
capacity-achieving performance in practice. To support various modulation formats in conjunction with LDPC codes,
bit-interleaved coded modulation (BICM) has been widely used. To achieve better performance, BICM iterative de-
modulation (BICM-ID), multi-layer coding (MLC), and nonbinary-interleaved coded modulation (NBICM) have been
studied for high-order modulation and high-dimensional modulation (HDM). In particular, HDM has received much
interest because of its high sensitivity [7–13]. In this paper, we propose a new 16-dimensional (16D) modulation based
on the Nordstrom-Robinson (NR) nonlinear code [14–16]. The NR code is an optimal binary code, whose minimum
Hamming distance is 6, whereas the best-known linear code (BKLC) [17] has a minimum distance of 5. We optimize
LDPC codes for BICM-ID with various HDM formats, and show the benefit of the NR-coded 16D modulation.

2. LDPC Code Design for High-Dimensional Modulation Based on Block Coding

HDM provides larger Euclidean distance to be robust against noise. There are many ways to design HDM. In [12], we
have proposed to use sphere cutting and lattice packing based on some known densest lattices. This method creates
irregular constellations, and has a labeling issue. Alternatively, we can use short block codes to design HDM [11],
e.g., single parity-check (SPC), extended Hamming code, extended Golay code, and nonbinary block code for regular
quadrature-amplitude modulation (QAM) constellations. Most previous works have focused on linear block codes.
When it comes to nonlinear block codes, there exist some known good codes including Preparata codes. In particular,
the Nordstrom-Robinson (NR) code [14] achieves the largest minimum Hamming distance for block codes of size
16. Some low-complexity decoding methods are also known for the NR code [16]. In this paper, we consider NR-
based HDM and optimize an LDPC code for its BICM-ID application. Note that the NR code is a binary image of a
nonbinary Z4 code as shown in [15], and the related study for higher-rate HDM formats can be found in [10].

To design LDPC codes for BICM-ID, we use a methodology proposed in [4], where extrinsic information transfer
(EXIT) curves of variable-node decoder is combined with that of demodulator. Using this method, we optimize degree
distributions of LDPC codes for various HDM formats. The required signal-to-noise ratio (SNR), a.k.a. threshold,
of those optimized degree distributions for a code rate of 0.9 is shown in Fig. 1(a), where threshold penalty from
Shannon limit is presented as a function of dimensionality for two cases of BICM and BICM-ID. Here, we consider
check-concentrated triple-weight LDPC codes, with variable node degrees no larger than 16. It is shown that higher
dimensionality improves the threshold. For 8D, 16D, and 24D modulations, BICM-ID outperforms BICM by approx-
imately 2dB. Note that 16D modulation with NR code offers approximately 0.2dB gain compared to 16D BKLC [17].

3. BER Performance

Here, we evaluate bit-error rate (BER) performance of optimized LDPC codes for 8D, 16D, and 24D modulations.
Given degree distributions optimized by EXIT chart, we use progressive edge growth (PEG) [18] to achieve larger
girth for a codeword length of 38400. We show post-LDPC BER performance of BICM-ID in Fig. 1(b), where we
use 32 iterations for turbo demodulation and 1 iteration for BP decoding per turbo loop. We also plot the BICM-ID
performance of the LDPC code optimized for 1D modulation, i.e., BICM-optimized code. It is shown that optimized



LDPC codes for BICM-ID achieve approximately 0.2dB gain from the LDPC code optimized for BICM except for
8D modulation. The new 16D modulation based on the NR code offers 0.6dB gain from 8D modulation, and 0.1dB
gain from 16D modulation based on linear code. Moreover, the gap between 16D NR HDM and 24D Golay HDM is
only 0.2dB. Since the computational complexity increases as the dimension increases, the 16D NR HDM may have a
superior trade-off between complexity and performance compared to 8D Hamming HDM and 24D Golay HDM.
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Fig. 1: Performance of LDPC-coded HDM for a code rate of 0.9.

4. Conclusions

We proposed LDPC-coded 16D modulation based on the Nordstrom-Robinson (NR) nonlinear code. The proposed
HDM approaches performance of 24D modulation based on the extended Golay code within 0.2dB. It offers 0.6dB
gain, compared with 8D modulation based on the extended Hamming code, and 0.1dB gain, compared with 16D
modulation based on the best-known linear code.
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