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Abstract
Block transmission with cyclic prefix is a promising technique to realize high-speed data rates
in frequency-selective fading channels. Many popular linear precoding schemes, including or-
thogonal frequency-division multiplexing (OFDM), single-carrier (SC) block transmission, and
time-reversal (TR), can be interpreted as such a block transmission. This paper presents a unified
performance analysis that shows how the optimal precoding strategy depends on the optimiza-
tion criterion such as capacity, mean-square error, and secrecy. We analyze three variants of TR
methods (based on maximum-ratio combining, equal-gain combining and selective combining)
and two-types of pre-equalization methods (zero-forcing and minimum mean-square error). As
one application of our framework, we derive optimal precoding (i.e., OFDM with optimal power
and phase control) in the presence of interference limitation for distributed antenna systems;
we find that without power/phase control, OFDM does not have any capacity advantage over
SC transmissions. When comparing SC and TR, we verify that for single-antenna systems in
the high SNR regimes, SC has a capacity advantage; however, TR performs better in the low
SNR regime. For distributed multiple-antenna systems, TR always provides higher capacity, and
the capacity of TR can approach that of optimal precoders with a large number of distributed
antennas. Furthermore, we make an analysis of secrecy capacity which shows how high-rate
messages can be transmitted towards an intended user without being decoded by the other users
from the viewpoint of informationtheoretic security. We demonstrate that TR precoding can be
the best candidate among the non-optimal precoders for achieving high secrecy capacity, while
the optimal precoder offers a significant gain over those non-optimal precoders.
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Abstract—Block transmission with cyclic prefix is a promising
technique to realize high-speed data rates in frequency-selective
fading channels. Many popular linear precoding schemes, includ-
ing orthogonal frequency-division multiplexing (OFDM), single-
carrier (SC) block transmission, and time-reversal (TR), can be
interpreted as such a block transmission. This paper presents
a unified performance analysis that shows how the optimal
precoding strategy depends on the optimization criterion such
as capacity, mean-square error, and secrecy. We analyze three
variants of TR methods (based on maximum-ratio combining,
equal-gain combining and selective combining) and two-types
of pre-equalization methods (zero-forcing and minimum mean-
square error). As one application of our framework, we derive
optimal precoding (i.e., OFDM with optimal power and phase
control) in the presence of interference limitation for distributed
antenna systems; we find that without power/phase control,
OFDM does not have any capacity advantage over SC trans-
missions. When comparing SC and TR, we verify that for single-
antenna systems in the high SNR regimes, SC has a capacity
advantage; however, TR performs better in the low SNR regime.
For distributed multiple-antenna systems, TR always provides
higher capacity, and the capacity of TR can approach that of
optimal precoders with a large number of distributed antennas.
Furthermore, we make an analysis of secrecy capacity which
shows how high-rate messages can be transmitted towards an
intended user without being decoded by the other users from
the viewpoint of information–theoretic security. We demonstrate
that TR precoding can be the best candidate among the non-
optimal precoders for achieving high secrecy capacity, while the
optimal precoder offers a significant gain over those non-optimal
precoders.

Index Terms—Distributed antenna systems, cooperative di-
versity, linear block precoding, frequency-selective fading,
information-theoretic security

I. I NTRODUCTION

A S data rates are constantly increasing, wireless transmis-
sion systems require larger bandwidths, that makes them

more susceptible to the effects of the frequency selectivity in
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the propagation channels [2]. Several transmission schemes are
used for fourth-generation cellular and other advanced wireless
communication systems to cope with this situation:

• Multi–carrier transmission, in particular orthogonal
frequency-division multiplexing (OFDM), has been
adopted for most high data-rate wireless standards, in-
cluding WiMAX, WiFi (802.11a, g, n), and the downlink
of the 3GPP LTE.

• Single-carrier (SC) block transmission, combined with
frequency-domain equalizations, is used in situations
where the transmitter can avoid high peak-to-average-
power ratios, e.g., the uplink of 3GPP LTE.

• Time-reversal (TR) is another transmission technique that
has gathered great interest in the past few years [3–
16] since it has a potential to decrease effective channel
length and to simplify the receiver construction.

All of the above techniques can be interpreted as linear
block precoding schemes using cyclic prefix (CP); the choice
of precoder determines whether OFDM, SC, or TR is used.
While there are extensive literature dealing with each of those
methods separately, there is — to the authors’ best knowledge
— no unified performance analysis, which makes a theoretical
comparison amongst them.

Distributed antenna systems and base station (BS) cooper-
ation [2], where spatially separated transmitters cooperate for
transmission of signals, have recently gathered interest as a
method for decreasing interference and enhancing throughput
in cellular systems. In a simple, yet highly effective, scheme,
the different BSs linearly weight the signals, so that they
superpose in a desired way at the receiver. The combination of
BS cooperation with block precoding is considered the most
promising method for high-speed, high-spectral efficiency
communication in future cellular networks.

Analysis of interference–aware capacity can be of great
importance for evaluating the advantage of cooperative com-
munications. Increasing data rate for an intended inner-cell
user while maintaining low interference to cell-edge users
contributes directly to improving spectrum efficiency for cel-
lular networks. In addition to the spectrum efficiency, there
has been a rapid increase in demand of realizing secure
radio communications to protect confidentiality and privacy in
recent years. Although some good cryptographic techniques
have been used in practice, the existing ciphers strongly
rely on computational complexity and can be broken by an
eavesdropper with sufficiently powerful computers. In order
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to raise the security level, it is foreseen that physical-layer
security based on information-theoretic perfect secrecy shall
become a significant factor in the near future [17–21].

In this paper, we focus on a distributed base station coop-
eration technique and present a unified performance analysis
for various types of linear block precoding schemes, including
several types of TR schemes, OFDM, SC transmissions (or,
unitary precoding), and pre-equalization schemes. For compar-
ison, we derive the optimal precoder based on three different
criteria: i) to maximize link capacity for optimal receivers,
ii) to minimize mean-square error (MSE) for low-complexity
minimum MSE (MMSE) receivers, and iii) to maximize
secrecy capacity for secure communications. Multiple active
receivers (“interference-exposed victim” or “eavesdropper”)
as well as multiple distributed transmitting antennas (namely,
cooperative base stations) are taken into account. The chief
contribution of this paper lies in to provide several examples
for the usefulness of our framework, as summarized below.

• We derive an optimal precoding scheme, which requires
modified water-filling for power allocation, in distributed-
antenna multi-user systems.

• We show that at low SNRs, TR always performs better
than SC. However, in the single-antenna case, SC pro-
vides higher capacity than TR at high SNRs if the cyclic
prefix is long enough.

• We confirm that TR performs better than other non-
optimal schemes when we exploit multiple distributed
antennas for cooperative transmissions.

• We derive a scaling law which shows how the use
of multiple antennas can increase the capacity of TR
compared with that of SC.

• In addition, we analyze the secrecy capacity [17–21]
to discuss information-theoretic security of various pre-
coders for applications, in which confidential messages
are transmitted to only one intended user without being
eavesdropped by other users.

The remainder of the paper is organized as follows: Section
II sets up the system model of distributed antenna multi-user
communications, and presents the mathematical formulation
of the most existing precoders. The performance measures of
capacity, MSE, and secrecy are addressed as well. Section
III derives the optimal precoder for different criteria among
all the possible linear block precoders; subsequently Section
IV derives a capacity scaling law which presents the impact
of multiple antennas on the capacity advantage of TR over
SC. Information-theoretic secrecy capacity for TR and SC
precoders is discussed in Section V. The link capacity, MSE
and secrecy capacity comparisons are followed by a summary
and conclusions.

II. D ISTRIBUTED ANTENNA SYSTEM WITH L INEAR

BLOCK PRECODING

A. System Description

Fig. 1 shows the system model, in which we considerM
distributed transmitters (or, cooperating base stations) and one
intended receiver as well asN−1 unintended receivers (either
“interference-exposed victims” or “legitimate eavesdroppers”),

all of which are equipped with only one antenna. In this sys-
tem, a cooperative diversity transmission technique is adopted
amongst some neighboring base stations around mobile users.
We focus on block transmissions, where one transmitting block
consists ofL information symbols and anLcp-symbol CP.
We assume a block fading channel, in which the channel
remains constant over the duration of a transmission block.
The precoding for each cooperating transmitters is done based
on the instantaneous channel impulse responses. We assume
a simplified (tap-spaced) channel model with independent
Rayleigh fading of each tap: Lethn,m(p) ∈ C be the channel
impulse response forpTs delayed wave (0 ≤ p < Pch) from
them-th transmitter to then-th receiver for1 ≤ m ≤ M and
1 ≤ n ≤ N . Here,Ts is the symbol duration. Unless stated
otherwise, we suppose that all the propagation delays and the
distributed transmitter’s asynchronous lags are absorbed by the
CP length.

Through a backbone network, source data is distributed
to all M transmitters. At each transmitter, the corresponding
modulation data (or, codeword)x ∈ CL×1 is multiplied with
a block linear precoding matrixPm ∈ CL×L. After padding
with the CP, the precoded block is transmitted to then-th
receiver, which in turn discards the CP and obtains

yn =
M∑

m=1

Hn,mPmx+ zn , Hnx+ zn, (1)

whereyn ∈ CL×1, Hn,m ∈ CL×L, andzn ∈ CL×1 denote
the received signal sequence, the (time domain) channel ma-
trix, and the additive white Gaussian noise, respectively. The
matrixHn =

∑M
m=1 Hn,mPm ∈ CL×L denotes the effective

channel matrix which combines the precoded channels from all
the cooperating transmitters to then-th user. We assume unity-
energy modulationsE[xx†] = IL, andE[znz

†
n] = σ2IL with

a noise variance ofσ2, whereIL denotes theL-dimensional
identity matrix, and[·]† denotes the Hermitian transpose. For
the simulation in Section VI, we make further assumptions
about the channel statistics; namely that each delay tap is
Rayleigh fading, the power delay profile exhibits a single
exponential decay, andE[H†

n,mHn,m] = ρn,mIL with ρn,m
being the the path loss between them-th transmitter and
the n-th user. The transmission power is controlled by the
precoderPm. When we havetr[PmP †

m] = LEm whereEm

is the transmission symbol energy at them-th transmitter,
the received signal-to-noise power ratio (SNR) at then-th
user becomes(

∑
Emρn,m)/σ2. We put a transmission power

constraint so that the transmission power does not exceed the
maximum limit, Em ≤ Es, whereEs denotes the maximum
allowable transmission energy per symbol. Without loss of
generality, we suppose that the first user (n = 1) is the
intended destination to receive the precoded message.

With a sufficiently long CP, we can write the channel matrix
in the cyclic Toeplitz matrix form:

Hn,m =

Pch−1∑
p=0

hn,m(p)Πp, (2)
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Fig. 1. Distributed antenna systems with linear block precoding for multi-user frequency-selective fading channels.

whereΠ ∈ ZL×L
2 being a cyclic shift matrix, defined as

Π =



0 0 · · · 0 1

1 0
. . .

. . . 0

0 1
. . .

. . .
...

...
.. .

. . .
. . . 0

0 · · · 0 1 0


. (3)

Note that every column vector of the channel
matrix Hn,m consists of the tapped delay line[
hn,m(0), hn,m(1), . . . , hn,m(Pch − 1)

]
. The channel

matrix Hn,m is related to the (diagonal) frequency-domain
channel matrixGn,m ∈ CL×L as

Hn,m = FGn,mF †, (4)

where the unitary matrixF ∈ CL×L denotes the discrete
Fourier transform (DFT), whose(k, l)-th entry is expressed
as 1√

L
exp(−ȷ2πkl/L).

B. Block Precoding Matrix

We now describe several block transmission schemes which
include SC (or equivalently, unitary precoding), OFDM, three
variants of TRs and two types of pre-equalization methods.
Through appropriate choice of the precoder matrixPm, the
signal model described above can represent all of those block
transmission schemes.

1) Single-Carrier (SC) Unitary Block Transmission:The
precoding matrix for the SC block transmission is given as

Pm = ηmIL, (5)

whereηm denotes a normalization factor so that the resulting
transmission symbol energy becomesEm (i.e., ηm =

√
Em

for this case). The above expression indicates that the SC trans-
mission is one of the unitary precoding schemes, employing
a specific unitary matrixIL,

2) Multi-Carrier OFDM Signalling: The precoding matrix
for OFDM signalling is expressed as

Pm = FΦm, (6)

where a diagonal matrixΦm ∈ CL×L determines per-
subcarrier power allocation at them-th transmitter. It is well–
known that optimal power allocation for one–to–one commu-
nications is generally obtained by water filling. If we cannot
adopt such a power control (perfect channel state information
is not available at the transmitter), we should generally use
a constant power allocation:Φm = ηmIL, which makes
the OFDM signalling one of the unitary precoding schemes
because the DFT matrixF is a unitary matrix.

3) Time-Reversal (TR) Precoding:The original TR scheme
[3–7] has the following precoding matrix:

Pm = ηmH†
1,m. (7)

Note that the normalization factor becomesηm =√
LEm/∥H1,m∥2 for this case in order to havetr[PmP †

m] =

LEm. It means that the precoded block with the matrixH†
1,m

is a filter output from the tapped delay line consisting of
the channel response

[
h∗
1,m(Pch − 1), . . . , h∗

1,m(1), h∗
1,m(0)

]
which is the time-reversed version of the tapped delay line[
h1,m(0), h1,m(1), . . . , h1,m(Pch−1)

]
for the original channel

matrixH1,m. Because it is a kind of pre-equalization schemes
based on maximum-ratio combining (MRC), we refer to it as
MRC-TR.

In [8], a one-bit TR scheme is introduced, in which the
precoder only controls the phase of the tapped delay line
according to the channel response. Its precoding matrix is
expressed as follows:

Pm = ηm

(Pch−1∑
p=0

h1,m(p)

|h1,m(p)|
Πp
)†

, ηmH̆
†
1,m, (8)

which only requires phase information of the channel impulse
response. The matrixH̆1,m ∈ CL×L denotes the phase-
synchronized version of the channel matrixH1,m. Since this
TR scheme performs in the same way as the pre-equalization
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based on equal-gain combining (EGC), we call it EGC-TR
hereafter.

In a similar manner, we introduce a TR scheme based
on selectiveB-branch combining (denoted by SLC-TR) as
follows:

Pm = ηm

(B−1∑
b=0

h1,m(pb)Π
pb

)†
, (9)

where pb represents the path index whose channel strength
|h1,m(pb)|2 is theb-th largest one. It is a kind of the pre-rake
method. In this paper, we use two-tap filter (i.e.,B = 2) for
simplicity.

4) Linear Pre-equalization:We consider pre-equalization
schemes based on zero forcing (ZF) and MMSE criteria,
whose precoder matrices are respectively expressed as follows:

Pm = ηmH†
1,m(H1,mH†

1,m)−1, (10)

Pm = ηmH†
1,m(H1,mH†

1,m + σ2IL)
−1. (11)

Here, the normalization factorηm is appropriately set to have
tr[PmP †

m] = LEm. The ZF pre-equalization can achieve
the inter-symbol interference (ISI) free environment. However,
it can degrade the transmission power efficiency when the
channel response exhibits deep fades. Therefore, the MMSE
criterion which takes account of average distortion level at the
receiver is generally better than the ZF pre-equalization.

C. Performance Measures: Capacity, MSE, and Secrecy

The main purpose of this paper is to compare various
precoding schemes described above for distributed antenna
systems. To compare them, we consider three types of per-
formance measures: i) the achievable link capacity, ii) the
achievable MSE performance, and iii) the achievable secrecy
rate. The achievable link capacity is an important performance
measure for optimal receiving algorithms, whereas the MSE
performance is suited for MMSE low-complexity receivers.
We discuss the achievable secrecy rate [17–21] from the
view point of information–theoretic security, which qualifies
the rate at which data can be securely sent to an intended
receiver without being eavesdropped by the other receivers.
Note that we can consider other performance measures such
as peak-to-average power ratio, outage capacity, complexity,
and error probability. Nevertheless, our unified analysis on
capacity, MSE and secrecy still gives us useful insights into the
fundamental characteristics for cooperative communications.

1) Capacity for Optimal Receiver:For an optimal receiver,
the link capacity for then-th user, for a particular channel
realization, is given as

Cn =
1

L
ln det

(
IL +

1

σ2
HnH†

n

)
, (12)

which is normalized by the bandwidth of1/Ts. Here, we
neglect the loss of spectral efficiency due to the CP. Note that
the capacity equation can employ either time- or frequency-
domain representations of the channel, sincedet

(
FAF †) =

det
(
A
)
. The Ergodic capacity is obtained by averaging the

capacity for all the possible channel realizations.

2) MSE for MMSE Equalization:The MMSE linear equal-
ization is known as a low-complexity algorithm especially
when applied to the frequency-domain operations. The MMSE
equalization achieves the following MSE at then-th user:

εn =
1

L
tr

[(
IL+

1

σ2
H†

nHn

)−1
]
. (13)

It is known by Verd́u’s theorem [22] that the link capacity and
MSE are closely related to each other. We should, however,
note that a specific precoder which can achieve higher capacity
does not always offer better MSE performance. This motivates
us to evaluate different performance measures for comparing
several precoders.

3) Secrecy Rate for Confidential Message Transmissions:
As outlined in the literature studying information-theoretic
security [17–21], we can transmit confidential data to a certain
intended user without being decoded at the other unintended
users, using Wyner’s encoding strategy. The achievable rate
is, however, decreased by the link capacity of unintended
users for Gaussian channels; more specifically, the achievable
secrecy rate is written as follows:

RS = min
n∈{2,...,N}

[
C1 − Cn

]
+0

, (14)

where [x]+a = max(x, a). Basically, we require higher re-
ceived SNR at the intended user than at the other eavesdrop-
ping users for secure communications.

III. O PTIMAL PRECODER

In this section, we derive optimal precoding which is
designed according to three different criteria; to maximize link
capacity, to minimize MSE, and to maximize secrecy rate. As
we can see in the following, these optimal precoders are all
based on OFDM signalling, while the optimal power allocation
differs from each other.

A. Optimal Precoder for Maximizing Capacity

We first derive an optimal precoder which maximizes capac-
ity constrained on the transmission power and the interference
to victim receivers. The optimization problem is described as

max
{Pm}

1

L
ln det

(
IL +

1

σ2
H1H†

1

)
, (15)

s.t.
1

LM

M∑
m=1

tr
[
PmP †

m

]
≤ Es, (16)

1

LM
tr
[
HnH†

n

]
≤ Ev, for all 2 ≤ n ≤ N, (17)

with Es being the maximum symbol energy for transmission
andEv being the allowable interference energy at each unin-
tended receivers. As shown in the detailed derivation in Ap-
pendix A, the solution is written in the form ofPm = FΦm. It
indicates that the optimal precoder is OFDM with appropriate
per-subcarrier power control even for multi-user distributed
antenna systems.
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Appendix A shows that we need to satisfy the following
Karush-Kuhn-Tucker (KKT) condition:

H†
1,mH1

(
σ2IL +H†

1H1

)−1

= λ1Pm +
N∑

n=2

λnH
†
n,mHn,

(18)

whereλn are the Lagrangian multipliers. Note that the optimal
power allocation is not given by the conventional water-filling
for N ≥ 2. Without interference limitation (N = 1), the
optimal power allocation of thei-th sub-carrier for them-th
antenna becomes

Φm(i) =

√[
1

λ1
− σ2

∥g1(i)∥2

]
+0

G∗
1,m(i)

∥g1(i)∥
, (19)

whereGn,m(i) is the i-th diagonal entry of the frequency-
domain channel matrixGn,m, and the vectorgn(i) is defined
asgn(i) = [G∗

n,1(i), G
∗
n,2(i), . . . , G

∗
n,M (i)]T. We can see that

distributed antennas shall form the MRC diversity transmis-
sions and use the conventional water filling power allocation
for the single-user caseN = 1.

B. Optimal Precoder for Minimizing MSE

In a similar way, the optimization problem to achieve
minimal MSE, when the receiver uses MMSE equalizers, is
described below

min
{Pm}

1

L
tr

[(
IL+

1

σ2
H†

1H1

)−1
]
, (20)

s.t.
1

LM

M∑
m=1

tr
[
PmP †

m

]
≤ Es, (21)

1

LM
tr
[
HnH†

n

]
≤ Ev, for all 2 ≤ n ≤ N. (22)

The derivation of optimal solution can be found in Ap-
pendix B, where we derive the following KKT condition:

σ2H†
1,mH1

(
σ2IL +H†

1H1

)−2

= λ1Pm +
N∑

n=2

λnH
†
n,mHn.

(23)

Its solution is expressed in the form ofPm = FΦm, which
is also based on OFDM signalling. However, the optimal
power allocation differs from the one for maximizing capacity
because we have different KKT conditions. The optimal power
allocation requires a modification from the conventional water
filling for any arbitrary number ofN , as shown in Appendix.
For instance, the optimal power control is obtained as

Φm(i) =

√√√√[√ σ2

λ1∥g1(i)∥2
− σ2

∥g1(i)∥2

]
+0

G∗
1,m(i)

∥g1(i)∥
, (24)

for the single-user case (N = 1).

C. Optimal Precoder for Maximizing Secrecy Rate

We write the optimization problem for maximizing achiev-
able secrecy rate as follows:

max
{Pm},R

1

L
ln det

(
IL +

1

σ2
H1H†

1

)
−R, (25)

s.t.
1

LM

M∑
m=1

tr
[
PmP †

m

]
≤ Es, (26)

1

L
ln det

(
IL +

1

σ2
HnH†

n

)
≤ R, (27)

for all 2 ≤ n ≤ N . The optimization parameterR denotes the
link capacity of the best eavesdropper amongst all the possible
active unintended users.

Shown in Appendix C, the KKT condition is given by

λ1Pm = H†
1,mH1

(
σ2IL +H†

1H1

)−1

−
N∑

n=2

λnH
†
n,mHn

(
σ2IL +H†

nHn

)−1
, (28)

where
∑N

n=2 λn = 1. Again, its solution is given by
OFDM signalling Pm = FΦm. In the Appendix, it
is verified that the optimal precoding vectorϕ(i) =
[Φ1(i), Φ2(i), . . . , ΦM (i)]T is a linear combination of MRC
beamformersg1(i), g2(i), . . . , gN (i). As an example, for the
two-user case (N = 2), we obtain the optimal precoder

ϕ(i) = ζ(i)

(
(λ1 + κ(i))g1(i)− κ(i)

g†
2(i)g1(i)

∥g2(i)∥2
g2(i)

)
,

(29)

where κ(i) = ∥g2(i)∥2/
(
σ2 + λ2

1ζ
2(i)|g†

2(i)g1(i)|2
)
. The

real–valued parameterζ(i) is an amplitude control factor. Note
that the optimum precoding described above is a combination
of two beamforming vectors: one is the MRC beamformer to
maximize the SNR at the intended user and the other is the
nulling beamformer to minimize the SNR at the unintended
user. The optimal precoder converges to the nulling beam-
former in the high SNR regimes becauseλ1 → 0 for σ2 → 0.

IV. MRC-TR VERSUSSC: CAPACITY SCALING LAW

This section describes a scaling law which shows the capac-
ity advantage of MRC-TR over SC with respect to the number
of distributed antennasM . We confirm that the MRC-TR does
not offer better performance than does the SC for the high SNR
regime if we use only one transmitter. However, distributed
multi-antenna systems enable the MRC-TR to outperform the
SC. We derive the following scaling law:

• For high SNRs, the capacity gap between MRC-TR and
SC asymptotically increases in a logarithmic manner as
a function ofM .

• For low SNRs, the capacity ratio between MRC-TR and
SC has a linear increase with respect toM .

As well as the above-mentioned scaling law, we obtain a lower
bound and an upper bound of the link capacity for the SC and
the TR precoders.
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A. Unitary Precoder and MRC-TR Precoder

The SC precoder (Pm = ηmIL) provides the following
capacity of

C1,SC =
1

L

L−1∑
i=0

ln
(
1 +

1

σ2

∣∣∣∑
m

ηmG1,m(i)
∣∣∣2). (30)

When each distributed transmitter has an identical transmission
power, we can writeη2m = Es for all 1 ≤ m ≤ M . Note
that any arbitrary unitary precoding (including OFDM without
power control, i.e.,Pm = ηmF ) offers exactly the same
capacity as the one given above. Hence, OFDM without per-
subcarrier power/phase control has no advantage over the SC
transmission.

In contrast, the MRC-TR precoder (Pm = ηmH†
1,m) gives

the following capacity:

C1,TR =
1

L

L−1∑
i=0

ln
(
1 +

1

σ2

(∑
m

ηm|G1,m(i)|2
)2)

. (31)

For the case when the transmission power is identical for all
the distributed antennas, we haveη2m = Es/γ̄

2
m where γ̄2

m =
1
L

∑
i |G1,m(i)|2 is the average channel gain.

B. Asymptotic Capacity of Unitary and MRC-TR Precoders

For the purpose of analytical derivations, we assume that
Gn,m(i) has a complex Gaussian distributionCN (0, ρn) (i.e.,
Rayleigh fading with path lossρn,m = ρn for any n,m),
the channel coherence bandwidth is much smaller than the
considered system bandwidth, andγ̄2

m = ρ1 for large packet
length. These assumptions imply that the probability distri-
bution functions of|

∑
G1,m(i)|2/ρ1 and

∑
|G1,m(i)|2/ρ1

follow an exponential distribution with meanM and a chi-
square distribution with2M degrees of freedom, respectively.

Using the probability density functions of the channel gains,
we can obtain the asymptotic capacity for the unitary precoder
and the MRC-TR precoder forL −→ ∞ as follows:

C1,SC −→
∫ ∞

0

ln

(
1 +

Esρ1
σ2

t

)
1

M
e−t/Mdt, (32)

C1,TR −→
∫ ∞

0

ln

(
1 +

Esρ1
σ2

t2
)

tM−1

(M − 1)!
e−tdt, (33)

where we set an identical power allocation (η1 = η2 = · · · =
ηM ) for each distributed antenna. It should be noted that the
above integrals can be expressed by special functions using the
Meijer’s hypergeometric G-function. In order to obtain more
useful insights into the impact of the number of distributed
antennasM , we now approximate the integrals by well-known
functions for the high SNR and low SNR regimes.

C. Capacity Scaling Law

1) High SNR Regime:In a high SNR regime such that
MEsρ1/σ

2 ≫ 1, we can approximateln(1 + t) ≃ ln(t) for

|t| ≫ 1 and obtain

C1,SC ≃
∫ ∞

0

ln

(
Esρ1
σ2

t

)
1

M
e−t/Mdt

= ln
MEsρ1

σ2
− γE, (34)

C1,TR ≃
∫ ∞

0

ln

(
Esρ1
σ2

t2
)

tM−1

(M − 1)!
e−tdt

= 2

(
M−1∑
m=1

1

m
− γE

)
+ ln

Esρ1
σ2

, (35)

where γE ≃ 0.58 is the Euler’s constant. Therefore, the
capacity advantage of the MRC-TR precoder over the unitary
precoder can be written in the following way:

C1,TR − C1,SC ≃ 2
M−1∑
m=1

1

m
−
(
ln(M) + γE

)
≃ ln (M − 1) + γE, (M ≫ 1), (36)

where the last approximation results from the fact that the
harmonic number

∑M−1
m 1/m can be well approximated by

1
2 ln(M(M − 1)) + γE for largeM .

From the derivation above, we can see thatC1,TR−C1,SC ≃
ln(M − 1) + γE is logarithmically increased withM , which
implies that a larger number of distributed antennas can take
more advantage for the MRC-TR precoder compared to the
unitary (SC) precoder. Note thatC1,SC > C1,TR by γE for
M = 1, while otherwiseC1,SC < C1,TR. Therefore, MRC-
TR can be worse than SC byγE/ ln(2) ≃ 0.84bps/Hz for high
SNR in the single antenna case. The opposite happens for the
case in which multiple antennas are used: whenM = 2, the
achievable gain isC1,TR−C1,SC ≃ (2− ln(2)−γE)/ ln(2) ≃
1.05bps/Hz.

2) Low SNR Regime:For low SNRs (MEsρ1/σ
2 ≪ 1),

approximatingln(1 + t) ≃ t for |t| ≪ 1, we obtain

C1,SC ≃
∫ ∞

0

Esρ1
σ2

t
1

M
e−t/Mdt =

MEsρ1
σ2

, (37)

C1,TR ≃
∫ ∞

0

Esρ1
σ2

t2
tM−1

(M − 1)!
e−tdt =

MEsρ1
σ2

(M + 1) .

(38)

Note that the term ofMEsρ1/σ
2 is the received SNR at

the intended user. Hence, the capacity ratio can be written
as follows:

C1,TR

C1,SC
≃ M + 1. (39)

It suggests that MRC-TR always offers better capacity
than SC in the low SNR regimes, and the capacity ratio
C1,TR/C1,SC ≃ M +1 can linearly increase with the number
of distributed antennasM .

D. Lower and Upper Bounds of Asymptotic Capacity

The approximations ofln(1 + t) ≃ ln(t) for high SNR
t ≫ 1 and ln(1 + t) ≃ t for low SNR t ≪ 1 can be used
for deriving lower and upper bounds of the link capacity as
follows. Sinceln(t) < ln(1 + t) ≤ t for any arbitraryt ≥ 0,
the approximated capacities for high SNRs given in (34) and
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(35) work as a lower bound of the link capacity, while the
expressions in (37) and (38) can be used as the upper bound
of the asymptotic link capacityC1,SC andC1,TR, respectively.
We can readily obtain a tighter upper bound by using Jensen’s
inequality for the concave function ofln(1 + t) with respect
to t. Consequently, we have the capacity bound as follows:

ln
MEsρ1
eγEσ2

< C1,CS < ln

(
1 +

MEsρ1
σ2

)
, (40)

ln
(M − 1)MEsρ1

σ2
< C1,TR < ln

(
1 +

(M − 1)MEsρ1
σ2

)
,

(41)

where we used
∑M−1

m=1 1/m − γE > 1
2 ln(M(M − 1)) for

M ≥ 1. Those bounds are tight in particular for high SNRs.

V. SECRECYANALYSIS OF MRC-TR AND SC

In this section, we develop a similar analysis which shows
the secrecy advantage of the MRC-TR precoder over the
unitary precoder. As shown in (14), the achievable secrecy rate
is the difference between the link capacity of the intended user
and the link capacity of the best eavesdropping user. The link
capacity at then-th user, when we use the unitary precoder
Pm = ηmIL and the MRC-TR precoderPm = ηmH†

1,m,
can be respectively written as

Cn,SC =
1

L

L−1∑
i=0

ln
(
1 +

1

σ2

∣∣∣ M∑
m=1

ηmGn,m(i)
∣∣∣2), (42)

Cn,TR =
1

L

L−1∑
i=0

ln
(
1 +

1

σ2

∣∣∣ M∑
m=1

ηmGn,m(i)G∗
1,m(i)

∣∣∣2).
(43)

We derive an asymptotic behavior of those capacity, and obtain
the corresponding secrecy rates.

A. Achievable Secrecy Rate of Unitary Precoder

Since the term of
∑

ηmGn,m(i) in (42) follows the complex
Gaussian distributionCN (0,MEsρn) for η2m = Es, we can
obtain the asymptotic capacity for the eavesdropper in a
manner similar to the previous section:

Cn,SC −→
∫ ∞

0

ln

(
1 +

Esρn
σ2

t

)
1

M
e−t/Mdt

≃


ln

MEsρn
σ2

− γE, (MEsρn

σ2 ≫ 1),

MEsρn
σ2

, (MEsρn

σ2 ≪ 1).
(44)

Correspondingly, we obtain the achievable secrecy rate of the
unitary precoder as follows:

RS,SC =

[
C1,SC − max

n∈{2,...,N}
Cn,SC

]
+0

≃

[ln(ρ1/ρn′)]+0 , (High SNR),
MEsρ1

σ2
[1− ρn′/ρ1]+0 , (Low SNR),

(45)

wheren′ = argmaxn ρn. Given a certain SNR ofMEsρ1/σ
2,

the secrecy rate cannot be improved by increasing the number

of the distributed antennasM . Note that we cannot transmit
any confidential data if the path loss of the intended user is
larger than the best eavesdropper, i.e., forρ1 ≤ ρn′ .

B. Achievable Secrecy Rate of MRC-TR Precoder

The term of
∑

Gn,m(i)G∗
1,m(i) in (43) is no longer the chi-

square distribution. From [23], the probability density function
for the squared sum of products of independent Rayleigh
signals are expressed as

fV (v) =
2√
π

v(2M−3)/4

(M − 1)!
KM−1/2(2

√
v), (46)

for v ≥ 0, where Kn(x) is the modified Bessel func-
tion of the n-th order. The probability density function of
|
∑M

m=1 Gn,m(i)G1,m(i)|2/ρ1ρn is then given by taking the
convolution offV (v). Using fV (v), we can write

Cn,TR −→
∫ ∞

0

∫ ∞

0

ln

(
1 +

Esρn
σ2

(u+ v)

)
fV (u)fV (v)dudv,

(47)

whereu andv correspond to the squared real- and imaginary-
parts of

∑
Gn,m(i)G∗

1,m(i)/
√
ρ1ρn.

1) High SNR Regimes:For high SNR regimes such that
ln(1+t) ≃ ln(t), we have the lower bound of the link capacity
of the n-th eavesdropping user as follows:

Cn,TR ≃
∫ ∞

0

∫ ∞

0

ln

(
Esρn
σ2

(u+ v)

)
fV (u)fV (v)dudv

≥
∫ ∞

0

∫ ∞

0

ln

(
Esρn
σ2

2
√
uv

)
fV (u)fV (v)dudv

= ln

(
2Esρn
σ2

)
− ln(4)− 2γE +

M−1∑
m=1

1

m

≥ ln

(
(M − 1)Esρn

2eγEσ2

)
. (M ≫ 1) (48)

We usedu+ v ≥ 2
√
uv for any u, v ≥ 0.

From the fact that the function ofln(u + v) is concave in
terms of bothu and v, an upper bound of the link capacity
of then-th eavesdropper is obtained by Jensen’s inequality as
follows:

Cn,TR ≃ Eu,v

[
ln

(
Esρn
σ2

(u+ v)

)]
≤ ln

(
Esρn
σ2

(E[u] + E[v])
)

= ln

(
MEsρn

σ2

)
. (49)

From the lower bound in (48) and the upper bound in (49),
the link capacity of the eavesdropper for high SNR cases can
be approximated as

Cn,TR ≃ ln

(
(M − 1)Esρn

βσ2

)
, (50)

whereβ is a constant value which lies in

M − 1

M
≤ β ≤ 2eγE ≃ 3.56. (51)
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Using this expression, the secrecy rate for high SNR regimes
is written as

RS,TR = [C1,TR − Cn′,TR]+0

≃
[
ln

(M − 1)MEsρ1
σ2

− ln
(M − 1)Esρn′

βσ2

]
+0

=

[
ln

Mβρ1
ρn′

]
+0

. (52)

It suggests that the achievable secrecy rate of the MRC-TR
precoder is improved by increasing the number of distributed
antennasM in a logarithmic manner. However, increasing
the transmission powerEs does not contribute to improving
the secrecy rate. The ratio of path lossρ1/ρn′ dominates the
secrecy in high SNR cases. This behavior can be explained by
the fact that increasing power benefits both intended receiver
and eavesdropper equally, while increasing the number of
transmit antennas improves the spatial focusing of the signal.

2) Low SNR Regimes:For low SNRs such thatln(1+ t) ≃
t, we can approximate

Cn,TR ≃
∫ ∞

0

∫ ∞

0

Esρn
σ2

(u+ v)fV (u)fV (v)dudv =
MEsρn

σ2
.

(53)

Hence, the secrecy rate for low SNR regimes is written as

RS,TR ≃ MEsρ1
σ2

(M + 1)

[
1− ρn′

(M + 1)ρ1

]
+0

. (54)

It implies that we can transmit a secret data even if the path
loss of the intended user is larger than that of the eavesdropper,
i.e.,ρ1 ≤ ρn′ . More importantly, the achievable secrecy rate of
the TR precoder can linearly increase according to the number
of distributed antennasM , and it converges to the channel
capacity, more specifically,limM→∞ RS,TR = C1,TR.

VI. CAPACITY, MSE AND SECRECYCOMPARISONS

A. Simulation Parameter

For the simulations, we assume that the channel is
frequency-selective Rayleigh fading withPch = 16 sample-
spaced paths whose power delay profile is exponentially
decreasing with increased delay by1dB each. We use a trans-
mission block withL = 512 symbols. Unless stated otherwise,
we use a cyclic prefix withLcp = 16 to achieve inter-block
interference free environment. We define the received SNR of
the n-th user byMEsρn/σ

2. We evaluate the performance
for the case of the identical path lossρ1 = ρ2 = · · · = ρN ,
unless stated otherwise. The optimal precoder with OFDM
signalling requires full channel state information even at
the other cooperating base stations, whereas the non-optimal
precoders used in this paper are allowed to exploit only the
local channel state information available at each base station;
this might be more practical for many applications.

B. Capacity Comparison

Table I lists capacity comparisons among the several types
of precoding schemes that we presented in Section II-B,
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according to the instantaneous channel realization. The trans-
mission energyη2m is constrained by the maximum symbol
energyEs and the allowable interference energyEv as in (16)
and (17).

Fig. 2 shows (log-scaled and linear-scaled) Ergodic capacity
versus the received SNR,MEsρ1/σ

2, of various precoding
schemes for the case when there is no interference limitation,
i.e. Ev = ∞. Log-scaled curves present focus on low SNR
regimes, while linear-scaled curves are for high SNR regimes.
From Fig. 2, one can see that the TR schemes are better than
pre-equalization schemes, whereas those are worse than SC
by approximately 0.8 bps/Hz for high SNR as we discussed in
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TABLE I
CAPACITY COMPARISON AMONGVARIOUS TYPES OFL INEAR BLOCK PRECODING

Precoding Scheme CapacityC Energy limitationη2
m

Optimum (OFDM) 1
L

∑
ln
(
1 + 1

σ2 |Ψ1(i)|2
)

|Ψ1(i)|2 is given by modified water filling in (65)

Unitary (SC) 1
L

∑
ln
(
1 + 1

σ2

∣∣∑ ηmG1,m(i)
∣∣2) 1

M

∑
η2
m ≤ Es,

1
ML

∑∣∣∑ ηmGn,m(i)
∣∣2 ≤ Ev

MRC-TR 1
L

∑
ln
(
1 + 1

σ2

(∑
ηm|G1,m(i)|2

)2) 1
ML

∑
η2
m

∑
|G1,m(i)|2 ≤ Es,

1
ML

∑∣∣∑ ηmGn,m(i)G∗
1,m(i)

∣∣2 ≤ Ev

EGC-TR, SLC-TR 1
L

∑
ln
(
1 + 1

σ2

∣∣∑ ηmG1,m(i)Ğ1,m(i)
∣∣2) 1

ML

∑
η2
m

∑
|Ğ1,m(i)|2 ≤ Es,

1
ML

∑∣∣∑ ηmGn,m(i)Ğ∗
1,m(i)

∣∣2 ≤ Ev

ZF ln
(
1 + 1

σ2

(∑
ηm

)2) 1
ML

∑
η2
m

∑
1

|G1,m(i)|2
≤ Es,

1
ML

∑∣∣∑ ηm

Gn,m(i)G∗
1,m(i)

|G1,m(i)|2
∣∣2 ≤ Ev

MMSE 1
L

∑
ln
(
1 + 1

σ2

(∑
ηm

|G1,m(i)|2

|G1,m(i)|2+σ2

)2) 1
ML

∑
η2
m

∑ |G1,m(i)|2

(|G1,m(i)|2+σ2)2
≤ Es,

1
ML

∑∣∣∑ ηm

Gn,m(i)G∗
1,m(i)

|G1,m(i)|2+σ2

∣∣2 ≤ Ev

Section IV. The OFDM with optimal power allocation has no
visible advantage over SC. However, OFDM outperforms SC
for low SNR. In the low SNR regimes, TR can offer twice as
high capacity as SC. Note that the use of multiple antennas
(M = 5) can significantly improve the capacity. For that case,
the performance gap between the optimal precoding and the
MRC-TR precoding becomes very small.

In Fig. 3, we show the impact of the number of distributed
antennasM on the link capacity for an SNR of±30dB. We
can see that the unitary precoder (SC and OFDM without
power control) cannot enjoy any benefit even if we increase
the number of distributed antennas. For low SNR, TR offers
the capacity comparable to the one achieved by MMSE, and
TR is always better than the unitary precoding. Note that
the simulation result of capacity ratioCTR/CSC completely
matches the scaling law of1 + M which is derived in
Section IV. For high SNR, TR is worse than SC by 0.8 bps/Hz
when M = 1, whereas it outperforms SC with multiple
transmitters. Moreover, the TR can approach the optimal
precoder (OFDM with optimal power control) for largeM .
The simulated capacity advantage ofCTR − CSC perfectly
agrees with the scaling law of2

∑M−1
m=1 1/m− (γE+ln(M)).

C. MSE Comparison

In Fig. 4, we plot the MSE curves with no interference
limitation as a function of the number of transmittersM at
an SNR of0dB and30dB. At high SNR, the original MRC-
TR scheme has the worst performance in MSE among these
precoding schemes forM = 1, whereas it can outperform
all the other non-optimal precoders whenM ≥ 3. The
MSE performance of TR can converge to that of the optimal
precoder. The MMSE precoding can offer the minimum MSE
performance among the non-optimal precoders for low SNR
regimes, while it cannot achieve good MSE performance in
high SNR regimes for a large number of cooperating base
stations (M ≥ 3). It is because we do not allow the use of
full channel state information over all the distributed antennas.

In Fig. 5, we evaluate MSE versus the number of ac-
tive receiversN for a signal-to-interference ratio (SIR) of
Es/Ev = 10 dB and an SNR ofMEsρ1/σ

2 = 30dB. Here,
we useM = 1 or M = 3 base stations to compare the unitary
precoding and the MRC-TR precoding. Due to the interference
limitation, the MSE can be degraded whenN > 1. However,
the MSE degradation can be saturated for more-than four
antennas. In this figure, we also present the MSE curves when
the cyclic prefix length is not sufficient to avoid inter-symbol
interference, i.e.,Lcp < 15. We can see that the decrease of
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Fig. 4. MSE versus the number of transmitters in 1.0 dB decaying 16-path
Rayleigh fading (0 dB and30 dB SNR).

the cyclic prefix length can degrade MSE especially for the
unitary (SC) precoder. Note that the TR is more robust than
the SC for insufficient CP lengths because the TR can shorten
the effective channel delay spread.

D. Secrecy Comparison

In Table II, we list achievable secrecy capacity comparisons
for various precoding schemes, according to the instantaneous
channel realization. Through the simulation taking average
over the possible channel realizations, we show the average
secrecy rate performance in Fig. 6 as a function of SNR for
M = 5 base stations andN = 2 active users. For low SNR
regimes, the secrecy capacity is almost comparable to the link
capacity, as discussed in Section V. In contrast, for high SNR
regimes, all the non-optimal precoders suffer from a significant
performance degradation compared to the optimal precoding.
This results from the fact that the optimal precoder exploits the
channel state information at all the distributed base stations to
make a nulling beamform vector for the eavesdropping user.
Note that while it may be practical for a cellular system to have
channel state information of all the legitimate users available,
in most practical cases the transmitters do no know the channel
to the eavesdroppers - in particular if the eavesdroppers are
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TABLE II
ACHIEVABLE SECRECYRATE COMPARISON AMONGVARIOUS TYPES OFL INEAR BLOCK PRECODING

Precoding Scheme Achievable Secrecy RateRS Energy limitationη2
m

Optimum (OFDM) 1
L

∑
ln
(
σ2 + |Ψ1(i)|2

)/(
σ2 + |Ψn′ (i)|2

)
|Ψ1(i)|2 and |Ψn′ (i)|2 are given in (80)

Unitary (SC) 1
L

∑
ln
(
σ2 +

∣∣∑ ηmG1,m(i)
∣∣2)/(σ2 +

∣∣∑ ηmGn′,m(i)
∣∣2) 1

M

∑
η2
m ≤ Es

MRC-TR 1
L

∑
ln
(
σ2 +

(∑
ηm|G1,m(i)|2

)2)/(σ2 +
∣∣∑ ηmGn′,m(i)G∗

1,m(i)
∣∣2) 1

ML

∑
η2
m

∑
|G1,m(i)|2 ≤ Es

EGC-TR, SLC-TR 1
L

∑
ln
(
σ2 +

∣∣∑ ηmG1,m(i)Ğ1,m(i)
∣∣2)/(σ2 +

∣∣∑ ηmGn′,m(i)Ğ1,m(i)
∣∣2) 1

ML

∑
η2
m

∑
|Ğ1,m(i)|2 ≤ Es

ZF ln
(
1 + 1

σ2

(∑
ηm

)2) − 1
L

∑
ln
(
1 + 1

σ2

∣∣∑ ηmGn′,m(i)/G1,m(i)
∣∣2) 1

ML

∑
η2
m

∑
1

|G1,m(i)|2
≤ Es

MMSE 1
L

∑
ln
(
σ2 +

(∑
ηm

|G1,m(i)|2

|G1,m(i)|2+σ2

)2)/(σ2 +
∣∣∑ ηm

G
n′,m(i)G∗

1,m(i)

|G1,m(i)|2+σ2

∣∣2) 1
ML

∑
η2
m

∑ |G1,m(i)|2

(|G1,m(i)|2+σ2)2
≤ Es
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clandestine. As addressed in Section V, it is confirmed that the
increase of SNR does not contribute to improving secrecy rate
for the non-optimal precoder in the high SNR regimes. Note
that among the non-optimal precoders, the MRC-TR precoding
offers the best secrecy rate.

VII. SUMMARY

In this paper, we investigated the capacity, MSE, and secrecy
rate achieved by several linear block precoding schemes. We
derived an optimal precoding scheme (OFDM with optimal
power and phase control) in the presence of interference
limitation and multiple distributed antennas. We confirmed that
OFDM with optimal power control has advantages over the SC
block transmission in capacity only in the low SNR regime,
and in MSE for high SNR. For single antenna systems, the TR
precoding has a capacity loss of approximately 0.8 bps/Hz over
SC for high SNR, while it offers double the capacity of SC for
a low SNR. We derived a capacity scaling law which shows
how the number of cooperative transmitters can increase the
capacity: The capacity difference between TR and SC has a
logarithmic increase with the number of transmitters for high
SNR, and the capacity ratio has a linear increase for low SNR.
In distributed antenna systems, TR gives a high capacity which
is close to the one achieved by the optimal precoder.
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Fig. 6. Achievable secrecy rate as a function of SNR in 1.0 dB decaying
16-path Rayleigh fading (M = 5, N = 2, ρ1 = ρ2).

To evaluate physical-layer security level, we compared
secrecy capacity achieved by different precoding schemes.
The optimal precoder that was derived in this paper can
achieve high secrecy capacity because multiple cooperative
base stations can beamform to null the radio waves for
some eavesdroppers. The TR precoder can offer the highest
secrecy capacity among the non-optimal precoders. Although
its secrecy capacity is much lower than the optimal one, the
TR scheme can be the best candidate for practical precoding
because it requires no channel state information of eaves-
droppers. Moreover, the asymptotic analysis of the achievable
secrecy rate verified that TR achieves secrecy capacity com-
parable to the channel capacity in the low SNR regimes and
for the case where we can use a large number of cooperative
base stations.

Capacity, MSE, and physical-layer security are, of course,
not the only relevant parameters for the selection of a transmis-
sion scheme. For example, SC generally provides lower peak-
to-average power ratio for transmissions, making it easier to
build suitable power amplifiers; TR provides channel shorten-
ing which can decrease the required length of the CP, and also
allows to shift complexity from the receiver to the transmitter,
which is often desirable. Another measure which aggregates
multi-variate performance may be attractive to see overall



11

system performance in multi-user networks. Nevertheless, our
unified evaluation methodology still allows us to gain new
insights into the most fundamental characteristics of a very
important class of high-speed digital transmission schemes.

APPENDIX

A. Optimal Precoder for Maximizing Link Capacity

Here we derive the optimal precoder which maximizes
the link capacity with constraints of transmission power and
interference level, as defined in (15), (16) and (17). We use
the Lagrange multipliers method to optimize precoding. The
Lagrangian utility function to be optimized is written as

L = ln det

(
IL +

1

σ2
H1H†

1

)
− λ1

(
M∑

m=1

tr
[
PmP †

m

]
− LMEs

)

−
N∑

n=2

λn

(
M∑

m=1

tr
[
HnH†

n

]
− LMEv

)
. (55)

Taking the derivative with respect toP ∗
m, we obtain the KKT

condition for stationary points, as follows:

H†
1,mH1

(
σ2IL +H†

1H1

)−1

= λ1Pm +
N∑

n=2

λnH
†
n,mHn,

(56)

whereλn are the Lagrangian multipliers. It can be found that
the solution is written in the form ofPm = FΦm, i.e., OFDM
signalling.

Let Gn,m(i) and Φm(i) be the i-th diagonal element of
the frequency-domain channel matrixGm,n and the power
allocation matrixΦm, respectively. When we define

Ψn(i) =
M∑

m=1

Gn,m(i)Φm(i), (57)

we can rewrite the KKT condition for each diagonal entry as

G∗
1,m(i)Ψ1(i)

σ2 + |Ψ1(i)|2
= λ1Φm(i) +

N∑
n=2

λnG
∗
n,m(i)Ψn(i), (58)

whereHn,m = FGn,mF † andHn = F
∑

m Gn,mΦm are
used. Stacking the KKT conditions for allm ∈ {1, . . . ,M}
into a column vector yields

Ψ1(i)

σ2 + |Ψ1(i)|2
g1(i) = Θ(i)ϕ(i), (59)

where

Θ(i) = λ1IM +G†(i)ΛG(i), (60)

gn(i) =

G∗
n,1(i)

...
G∗

n,M (i)

 , ϕ(i) =

 Φ1(i)
...

ΦM (i)

 , (61)

G(i) =
[
g1(i) g2(i) · · · gN (i)

]†
, (62)

Λ = diag (0, λ2, . . . , λN ) . (63)

Hence, we obtain the solution of optimal power control as

ϕ(i) =
Ψ1(i)

σ2 + |Ψ1(i)|2
Θ−(i)g1(i), (64)

where[·]− denotes the pseudo inverse.
SinceΨ1(i) = g†

1(i)ϕ(i), the optimalΨ1(i) must fulfil

|Ψ1(i)|2 =
[
ξ(i)− σ2

]
+0

, (65)

where ξ(i) = g†
1(i)Θ

−(i)g1(i). The Lagrangian multipliers
λn are chosen for satisfying (16) and (17). Note that this
optimal power control is not given by the conventional water
filling unlessλn = 0 for all 2 ≤ n ≤ N , i.e., there is no
interference limitation (17). Without interference limitation,
them-th entry of the optimal power allocation in (64) reduces
to

Φm(i) =

√[
1

λ1
− σ2

∥g1(i)∥2

]
+0

G∗
1,m(i)

∥g1(i)∥
, (66)

which means that distributed antennas should form the MRC
diversity transmissions and use the conventional water filling
for power allocation.

With the optimal precoder, the maximized capacity is ex-
pressed as

C1 =
1

L

L−1∑
i=0

ln

(
1 +

1

σ2
|Ψ1(i)|2

)
=

1

L

L−1∑
i=0

[
ln

(
ξ(i)

σ2

)]
+0

.

B. Optimal Precoder for Minimizing MSE

The Lagrangian utility function to be optimized for mini-
mizing the MSE is written as

L = −tr

[(
IL +

1

σ2
H†

1H1

)−1
]

− λ1

(
M∑

m=1

tr
[
PmP †

m

]
− LMEs

)

−
N∑

n=2

λn

(
M∑

m=1

tr
[
HnH†

n

]
− LMEv

)
. (67)

Taking the derivative in terms ofP ∗
m yields

∂L
∂P ∗

m

=
1

σ2
H†

1,mH1

(
IL +

1

σ2
H†

1H1

)−2

− λ1Pm −
N∑

n=2

λnH
†
n,mHn. (68)

Zeroing the above expression gives the KKT conditions. Its
solution is also based on OFDM signalling. However, the
optimal power allocation differs from the one for maximizing
capacity; it is given as follows:

ϕ(i) =
σ2Ψ1(i)(

σ2 + |Ψ1(i)|2
)2Θ−(i)g1(i), (69)

whereΨ1(i) must fulfil

|Φ1(i)|2 =
[√

σ2ξ(i)− σ2
]
+0

. (70)
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It requires a modification from conventional water filling.
Without interference limitation (λn = 0 for all 2 ≤ n ≤ N ),
them-th element of the optimal power in (69) reduces to

Φm(i) =

√√√√[√ σ2

λ1∥g1(i)∥2
− σ2

∥g1(i)∥2

]
+0

G∗
1,m(i)

∥g1(i)∥
. (71)

With the optimal precoder, the minimized MSE is written as

ε1 =
1

L

L−1∑
i=0

(
1 +

1

σ2
|Ψ1(i)|2

)−1

=
1

L

L−1∑
i=0

([
ξ(i)

σ2

]
+1

)− 1
2

.

C. Optimal Precoder for Maximizing Secrecy Rate

The Lagrangian utility function for maximizing the secrecy
rate can be expressed as

L = ln det
(
IL +

1

σ2
H1H†

1

)
− LR

− λ1

(
M∑

m=1

tr
[
PmP †

m

]
− LMEs

)

−
N∑

n=2

λn

(
ln det

(
IL +

1

σ2
HnH†

n

)
− LR

)
. (72)

Taking the derivative in terms ofP ∗
m yields the KKT condi-

tion:

∂L
∂P ∗

m

= H†
1,mH1

(
σ2IL +H†

1H1

)−1 − λ1Pm

−
N∑

n=2

λnH
†
n,mHn

(
σ2IL +H†

nHn

)−1
= 0. (73)

Meanwhile, the derivative ofL with respect toR gives the
KKT condition of

N∑
n=2

λn = 1. (74)

The optimal precoder is the OFDM signalling in the form
of Pm = FΦm. With gn(i) and ϕ(i), we can rewrite the
KKT condition per sub-carrier as follow:

λ1ϕ(i) =(
g1(i)g

†
1(i)

σ2 + |g†
1(i)ϕ(i)|2

−
N∑

n=2

λn
gn(i)g

†
n(i)

σ2 + |g†
n(i)ϕ(i)|2

)
︸ ︷︷ ︸

Ω(i)

ϕ(i).

(75)

It implies that the Lagrange multiplierλ1 and the precoding
vectorϕ(i) shall be the eigenvalue and the associated eigen-
vector of a matrixΩ(i) ∈ CM×M . It means that the optimal
precoder controlsΩ(i) to have the identical eigenvalue over
all the sub-carrier fori = 1, 2, . . . , L.

It is obvious that the eigenvectorϕ(i) can be expressed as
a linear combination ofg1(i), . . . , gN (i). For a specific case
of N = 2 andM ≥ N given a non-zero eigenvalueλ1, the
associated eigenvector becomes

ϕ(i) = ζ(i)
(
λ1ϕ1(i) + κ(i)ϕ2(i)

)
, (76)

where

κ(i) =
∥g2(i)∥2

σ2 + λ2
1ζ

2(i)|g†
2(i)g1(i)|2

, (77)

ϕ1(i) = g1(i), (78)

ϕ2(i) =

(
IM − g2(i)g

†
2(i)

∥g2(i)∥2

)
g1(i). (79)

The real–valued parameterζ(i) is an amplitude control factor.
It should be noted thatϕ1(i) is the MRC beamforming vector
to maximize the SNR at the intended user, whereasϕ2(i)
is one of nulling beamformers to minimize the SNR at the
unintended user. It can be seen that the optimal precoder is an
appropriate mixture of the MRC beamformer and the nulling
beamformers even for the generalized case ofN ≥ 2.

Multiplying ϕ†(i) from the left of the KKT condition (75),
we have

λ1∥ϕ(i)∥2 =
|Ψ1(i)|2

σ2 + |Ψ1(i)|2
−

N∑
n=2

λn
|Ψn(i)|2

σ2 + |Ψn(i)|2
, (80)

whereλ1∥ϕ(i)∥2 ≥ 0. The Lagrange multiplierλ1 must be
satisfied with

λ1 ≥ σ2

LMEs

L−1∑
i=0

(
N∑

n=2

λn
1

σ2 + |Ψn(i)|2
− 1

σ2 + |Ψ1(i)|2

)
.

(81)

Using the optimal power allocationϕ(i) and the corresponding
channel gains|Ψn(i)|2, the optimized secrecy rate is written
as

RS =
1

L

L−1∑
i=0

ln
σ2 + |Ψ1(i)|2

σ2 + |Ψn′(i)|2
, (82)

wheren′ is the user index whose link capacity is the maximum
over all the possible eavesdropping receivers.
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